PRODUCT RECURRENT PROPERTIES, DISJOINTNESS AND 
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Abstract. Let J 7 be a collection of subsets of Z + and (X,T) be a dynamical 
system, x G X is ^-recurrent if for each neighborhood U of x, {n G Z + : T n x G 
U} G T. a; is J-~-product recurrent if (x, y) is recurrent for any ^-recurrent point 
y in any dynamical system (Y,S). It is well known that x is {infinite}-product 
recurrent if and only if it is minimal and distal. In this paper it is proved that 
the closure of a {s?/ndeiic}-product recurrent point (i.e. weakly product recurrent 
point) has a dense minimal points; and a {piecewise syndetic}-product recurrent 
point is minimal. Results on product recurrence when the closure of an .F-recurrent 
point has zero entropy are obtained. 

It is shown that if a transitive system is disjoint from all minimal systems, 
then each transitive point is weakly product recurrent. Moreover, it proved that 
each weakly mixing system with dense minimal points is disjoint from all minimal 
PI systems; and each weakly mixing system with a dense set of distal points or 
an ^-independent system is disjoint from all minimal systems. Results on weak 
disjointness are described when considering disjointness. 
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1. Introduction 

1.1. Dynamical preliminaries. In the article, integers, nonnegative integers and 
natural numbers are denoted by Z, Z + and N respectively. By a topological dynamical 
system (t.d.s.) we mean a pair (A, T), where A is a compact metric space (with 
metric d) and T : A — > A is continuous and surjective. A non-vacuous closed 
invariant subset Y C A defines naturally a subsystem (Y,T) of (A, T). 

The orbit of x, orb(x,T) (or simply orb(x)), is the set {T n x : n G Z + } = 
{x,T(x), . . .}. The oj -limit set of x, u(x,T), is the set of all limit points of orb(x,T). 
It is easy to verify that cu(x, T) = f] n>0 {T l {x) : i > n}. 

A t.d.s. (A, T) is transitive if for each pair of opene (i.e. nonempty and open) 
subsets U and V, N(U, V) = {n e Z + : T~ n V n U ^ 0} is infinite. It is point 
transitive if there exists x G A such that orb(x, T) = A; such x is called a transitive 
point, and the set of transitive points is denoted by TranT- It is well known that if 
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a compact metric system (X, T) is transitive then Tran? is a dense G$ set. (X, T) 
is weakly mixing if (X x X,T x T) is transitive. 

A t.d.s (X, T) is minimal if Tranx = X. Equivalently, (X,T) is minimal if and 
only if it contains no proper subsystems. By the argument using Zorn's Lemma any 
t.d.s. (X, T) contains some minimal subsystem, which is called a minimal set of 
X. A point x £ X is minimal or almost periodic if the subsystem (orb(x,T),T) is 
minimal. 

Let (X,T) be a t.d.s. and (x,y) £ X 2 . It is a proximal pair if there is a sequence 
{rtj} in Z + such that lim n ^ +00 T Ui x = lim n ^ +00 T ni y; and it is a distal pair if it is 
not proximal. Denote by P(X, T) or Px the set of all proximal pairs of (X,T). A 
point x is said to be distal if whenever y is in the orbit closure of x and (x, y) is 
proximal, then x = y. A t.d.s. (X, T) is called distal if is distal whenever 

x,x' £ X are distinct. 

A t.d.s. (X, T) is equicontinuous if for every e > there exists 5 > such that 
<i(xi, £2) < 8 implies d(T n xi,T n X2) < e for every n £ Z + . It is easy to see that each 
equicontinuous system is distal. 

For a t.d.s. (X, T), x £ X and U C X let 

N(x,£7) = {n £ Z+ : P n x £ C/}. 

A point x £ X is said to be recurrent if for every neighborhood {7 of x, N(x, U) 
is infinite. Equivalently, x £ X is recurrent if and only if x £ uj(x,T), i.e. there is a 
strictly increasing subsequence {n^} of N such that T Ui x — > x. Denote by R(X,T) 
the set of all recurrent points of (X, T). 

1.2. Product recurrence and weakly product recurrence. The notion of prod- 
uct recurrence was introduced by Furstenberg in [15]. Let (X, T) be a t.d.s.. A point 
x £ X is said to be product recurrent if given any recurrent point y in any dynamical 
system (Y, S), (x,y) is recurrent in the product system (X x Y, T x S). By associ- 
ating product recurrence with a combinatorial property on the sets of return times 
(i.e. x is product recurrent if and only if it is IP* recurrent), Furstenberg proved 
that product recurrence is equivalent to distality [15, Theorem 9.11]. In [6j Auslan- 
der and Furstenberg extended the equivalence of product recurrence and distality 
to more general semigroup actions. If a semigroup E acts on the space X and F 
is a closed subsemigroup of E , then x £ X is said to be F -recurrent if px = x for 
some p £ F, and product F -recurrent if whenever y is an P-recurrent point (in some 
space Y on which E acts) the point (x, y) is P-recurrent in the product system. In 
[B] it is shown that, under certain conditions, a point is product P-recurrent if and 
only if it is a distal point. This subject is also discussed in [T2] . 

In [B], Auslander and Furstenberg posed a question: if (x,y) is recurrent for all 
minimal points y, is x necessarily a distal point? This question is answered in the 
negative in |20j . Such x is called a weakly product recurrent point there. 

The main purpose of this paper is to study a more general question, i.e. to study 
a point x with property that (x, y) is recurrent for any y with some special recurrent 
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property. We will also show how this question is related to disjointness and weak 
disjointness. To be more precise, we need some notions. 

1.3. Furstenberg families. Let us recall some notions related to Furstenberg fam- 
ilies (for details see [TJ US])- Let V = F(Z + ) be the collection of all subsets of Z + . 
A subset F of V is a (Furstenberg) family, if it is hereditary upwards, i.e. F 1 C F 2 
and F\ G F imply F 2 G F. A family F is proper if it is a proper subset of V, i.e. 
neither empty nor all of V. It is easy to see that F is proper if and only if Z + G F 
and F. Any subset A of V can generate a family [y4] = {F e V : F D A for 
some A G *4}. If a proper family F is closed under intersection, then J 7 is called a 
filter. For a family J 7 , the efotaZ family is 

F* = e p : z+ \ F £ J 7 } = {F G F : F fl FV /or a// F' G J 7 }. 

J 7 * is a family, proper if F is. Clearly, 

(J**)* = F and Fi C F 2 =^ F 2 * C F x *. 

Denote by Fj n / the family consisting of all infinite subsets of Z + . 

1.4. F-recurrence and some important families. Let F be a family and (X, T) 
be a t.d.s.. We say x G X is T-recurrent if for each neighborhood {/ of x, iV(x, ?7) G 
F. So the usual recurrent point is just Fj n /-recurrent one. 

Recall that a t.d.s. (X, T) is 

• an E-system if it is transitive and has an invariant measure fi with full 
support, i.e., supp(fi) = X; 

• an M-system if it is transitive and the set of minimal points is dense; and 

• a F-system if it is transitive and the set of periodic points is dense. 

A subset S of Z + is syndetic if it has a bounded gaps, i.e. there is N G N such 
that {i, % + 1, • • • ,i + N} fl S ^ for every % G Z + . S is t/wcfc if it contains arbitrarily 
long runs of positive integers, i.e. there is a strictly increasing subsequence {n^} of 
Z + such that S D Ui^i{ n «> + 1, . . . , + i}. The collection of all syndetic (resp. 
thick) subsets is denoted by F s (resp. Ft). Note that F* = J- t and F 4 * = F s . 

Some dynamical properties can be interrupted by using the notions of syndetic or 
thick subsets. For example, a classic result of Gottschalk stated that x is a minimal 
point if and only if N(x, U) G F s for any neighborhood U of x, and a t.d.s. (X,T) 
is weakly mixing if and only if N(U, V) G Ft for any non-empty open subsets U, V 

of x pairs]. 

A subset 5 of Z + is piecewise syndetic if it is an intersection of a syndetic set with 
a thick set. Denote the set of all piecewise syndetic sets by F ps . It is known that 
a t.d.s. (X, T) is an M-system if and only if there is a transitive point x such that 
N(x, U) G F ps for any neighborhood U of x (see for example Lemma 2.1]). 

Let {6;}i e / be a finite or infinite sequence in N. One defines 

FS({bi} ie i) = | : a is a finite non-empty subset of /j. 

F is an IP set if it contains some FS'({pj}^ 1 ), where pi G N. The collection of all 
IP sets is denoted by Fj p . A subset of N is called an IP* -set, if it has non-empty 
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intersection with any IP-set. It is known that a point x is a recurrent point if and 
only if N(x, U) G J~i P for any neighborhood U of x, and x is distal if and only if x 
is JP*-recurrent |15j . 

Let S be a subset of Z+. The upper Banach density and lower Banach density of 
S are 

BD*(S) = limsup - — — — -, and BD* = liminf - — — — -, 

i/i->oo m \i\-hx> m 

where I ranges over intervals of Z+, while the upper density of S is 

nV m r |gn[o,n-i]| 

D (b) = hm sup . 

n— >oo Tl 

Let TpuM = {S C Z + : > 0} and = {5 C Z + : D*(S F ) > 0}. It is known 

a t.d.s. (X, T) is an E-system if and only if there is a transitive point x such that 
N(x, U) G J-pubd f° r an Y neighborhood U of x (see for example [231 Lemma 3.6]). 

1.5. J-'-product recurrence and disjointness. Let J 7 be a family. For a t.d.s. 
(X,T), x G X is ^-product recurrent if given any J-"-recurrent point y in any t.d.s 
(Y,S), (x,y) is recurrent in the product system (X x Y,T x S). Note that J^n/- 
product recurrence is nothing but product recurrence; and J-^-product recurrence is 
weak product recurrence. In this paper we will study the properties of .F-product 
recurrent points, especially when T = J-pubd-, Fps, or T s . 

The notion of disjointness of two t.d.s. was introduced by Furstenberg his seminal 
paper [TJ]. Let (X, T) and (Y, S) be two t.d.s.. We say J C X x Y is a joining of 
X and Y if J is a non-empty closed invariant set, and is projected onto X and Y 
respectively. If each joining is equal to X x Y then we say that (X, T) and (Y, S) 
are disjoint, denoted by (X, T) 1 (Y, S) or X _L K. Note that if (X, T) _L (F, 5) 
then one of them is minimal [13] , and if (X, T) is minimal then the set of recurrent 
points of ( Y, S) is dense [25] . 

In [13], Furstenberg showed that each totally transitive system with dense set of 
periodic points is disjoint from any minimal system; each weakly mixing system is 
disjoint from any minimal distal system. He left the following question: 

Problem: Describe the system who is disjoint from all minimal systems. 

1.6. Main results of the paper. It turns out that if a transitive t.d.s. (X, T) 
is disjoint from all minimal t.d.s. then each transitive point of (X, T) is a weak 
product recurrent one (Theorem 14.31) . Thus, by [25J it is not necessarily minimal. 
Moreover, it is proved that the orbit closure of each weak product recurrent point 
is an M-system, i.e. with a dense set of minimal points (Theorem 14.51) . Contrary 
to the above situation it is shown that an J^-product recurrent point is minimal 
(Theorem 13.41) . 

Results on product recurrence when the closure of an J-"-recurrent point has zero 
entropy are obtained. It is shown that if (x, y) is recurrent for any point y whose 
orbit closure is a minimal system having zero entropy, then x is J-^M-recurrent 
(Theorem 15.51) : and if (x,y) is recurrent for any point y whose orbit closure is an 
M-system having zero entropy, then x is minimal (Theorem I5.6p . Moreover, it turns 
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out that if (x, y) is recurrent for any recurrent y whose orbit closure has zero entropy, 
then x is distal (Theorem 15. 2p . 

Several results on disjointness are obtained, and results on weak disjointness are 
described when considering disjointness. For example, it is proved that a weakly 
mixing system with dense minimal points is disjoint from all minimal PI systems 
(Theorem 17. 10p ; and a weakly mixing system with a dense set of distal points or an 
^-independent t.d.s. is disjoint from any minimal t.d.s. (Theorem 17. 141 and 17.211) . 
Moreover, it is shown that if a transitive t.d.s. is disjoint from all minimal weakly 
mixing t.d.s. then it is an M-system (Proposition 17.321 . 

1.7. Organization of the paper. The paper is organized as follows: In Section 2 
we discuss recurrence and product recurrence. We begin with Hindman Theorem 
and rebuilt Furstenberg's result about product recurrence. In Section 3 we study 
J-* ps -product recurrence and show any J-* ps -product recurrent point is minimal. In 
Section 4 we aim to show that the closure of an JVproduct recurrent point is an 
M-system. On the way to do this, we show that if (X, T) is a transitive t.d.s. 
which is disjoint from any minimal system, then each point in TrariT is JVproduct 
recurrent. In Section 5 we study J-"-product recurrence with zero entropy. We discuss 
properties concerning extensions and factors in Section 6. We study disjointness and 
weak disjointness in Section 7. In Section 8 we discuss some more generalizations 
of the notions concerning product recurrence. Finally in the Appendix we discuss 
relative proximal cells. 

Acknowledgement: We thank E. Glasner, W. Huang, H. Li, and W. Ott for useful 
discussion over the topic. Particularly, we thank Huang for allowing us including a 
proof of a disjoint result (Theorem 17. 14j) and for useful comments on various versions 
of the paper. After finishing the paper we received a preprint by P. Oprocha who 
also proved Theorem 17. 141 

2. Recurrence and product recurrence 

It is known that x is distal if and only if (x, y) is recurrent for any recurrent 
point y [15J. The usual proof uses the Auslander-Ellis theorem which states that if 
(X, T) is a t.d.s. and x G X then there is a minimal point y 6 orb(x,T) such that 
(x, y) is proximal. Usually one proves the Auslander-Ellis theorem by using the Ellis 
semigroup theory. In this section we give a proof of the theorem without using the 
Ellis semigroup theory. 

2.1. Recurrence and IP-set. In this subsection Hindman Theorem is used to 
prove Auslander-Ellis Theorem. Also some interesting relations between recurrence 
and IP-set will be built. 

Theorem 2.1 (Hindman, ^ZT\). For any finite partition of an IP-set, one of the 
cells of the partition is an IP-set. 

The following lemma is basically due to Furstenberg, see [15] . 
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Lemma 2.2. Let (X,T) be a compact metric t.d.s.. If x G R(X,T) and {Vj}^ 
is a collection of neighborhoods of x, then there is some IP set FS^Pi}^) such 
that FS({pi}^ n ) C N(x, V n ) for all n G N. Especially, each recurrent point is 
Fip-recurrent. 

Proof. We prove the lemma using induction. Since V\ is a neighborhood of x and x 
is recurrent, there is some p\ G N such that 

T Pl x G V v 

As Vi,T~ Pl Vi, Vi are neighborhoods of x, so is their intersection V\ fl T~ Pl Vi fl V 2 . 
And by the recurrence of x there is some P2 G N such that 

Hence 

T Pl x,T P2 x,T Pl+P2 x G Vi, 

and 

T P2 x G V 2 . 

Now for n G N assume that we have a finite sequence pi,p 2 , . . . ,p n such that 
(2.1) FS({ Pi }tj) C iV(x, V}), j = 1, 2, . . . , n. 

That is, for each j = 1, 2, . . . , n 

T m x G Vj, Vm G FS{{p^ =j ). 

Hence f flj=i rL e FS({ Pi }™ =J .) T_m ^') n C\i=i V i is a neighborhood of x. Take p n+i G N 
such that 

(n \ ra+l 

pi p| T- m v, n p vj. 
3=1 mefSfejy / »=1 

Then for each j = 1, 2, . . . , n + 1 

T m x G V}, Vm G F5({p i }g 1 ). 

That is 

^(telg 1 ) C iV(x, V^), j = 1, 2, . . . , n + 1. 
So inductively we have an IP set FS^Pi}^) such that FS'dpj}^) C N(x, V n ) for 
all n G N. And the proof is completed. □ 

Let (X, T) be a t.d.s. and A C Z + be a sequence. Write 

T A x = {T n x : n G A} 

and let A — n = {m — n : m E A, m — n > 1} for n G Z + . 
Using the method from [TTJ, we have 

Lemma 2.3. Let {X,T) be a compact metric t.d.s. and Q = F S ■ For 

any x G X i/iere is some y G T®x fl R(X,T) and {p ni }iZx Q {Pi}iZi suc ^ that 

for any neighborhood U of y there is some j with FS({p ni }^j) C N(y,U) and 
(x,y)eP(X,T). 
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Proof. Set Ki = T p x, P x = Q and p Ui G {pi}Zv Then 

Pir\{P 1 -p ni )DF3{{p i } iMl ). 

Hence 

n 

Let K\ R T~ Pn iKi = i^i^, where ii^ is compact and diamK~i ti < |. So we have 

8=1 

n 

Pi n (Pi - p ni ) = |J{n 6 Fi (1 (P - p m ) : T n x G 

i=l 

By Hindman Theorem there is some j such that 

P 2 = {n G P 1 n (Pi - PfH ) : G iT lsJ } 

is an IP subset of Pi fl (Pi — p nx ). And we set K 2 = K\j. Clearly, K 2 C 
diamK 2 < §, T^iA^ C Hfj and T Pa x C iT 2 . 

Continuing inductively, we have {p ni } ^ IP sets Pi =? P2 • • • and compact 
sets If 1 ^ 2 • • " such that diamKj < i, Pn , G Pj, T Pn ^Kj + i C l£j and T Pj a; C 
i^j. Let y G f]i=i ^i- ^ is easy to check that y is the point we look for. □ 

Proposition 2.4. Let (X,T) be a compact metric t.d.s.. If (Y, S) is another t.d.s. 
and z G R(Y, S), then for any x G X there is some y G orb(x, T) such that (x, y) G 
P(X,T) and (y,z) is a recurrent point of X x Y . 

Proof. Let {K l }^? =1 be neighborhood basis of z. By Lemma T2.2I there is some IP set 
Q = FSdpi}^) such that FS({pi}™ n ) C N(z, V n ) for all n G N. Let y be the 
recurrent point described in Lemma 12.31 Then for any neighborhoods U, V of y, z 
we have 

N((y, z ),UxV) = N(y, U) n N(z, V) + 0. 
Hence (y, z) is a recurrent point of X x Y . □ 

Theorem 2.5 (Auslander-Ellis). Let (X,T) be a compact metric t.d.s.. Then for 
any i£l there is some minimal point y G orb(x, T) such that (x, y) is proximal. 

Proof. Without loss of generality, we assume x is not minimal. Then there is some 
minimal set Y in orb(x). Now we will find a thick A such that T A x\T A x C Y. Then 
taking any IP subset Q from A, by Lemma 12.31 there is some y G T®x fl R(X, T) 
and (x, y) G P(X,T). Since y G T^a; \ T Q x C Y, y is a minimal point. Thus we 
finish our proof. 

It remains to find a thick A such that T A x \ T A x C K. Let V n = {z G X : 
d(z,Y) < ±} and then {V n }£° = x is a neighborhood basis of Y. Let 5 n > such that 

g?(TV,TV) < J,i = 0, 1,-- • ,n - 1 if d(x',x") < 5 n . As Y C orb(x,T) there is 

some z n such that d(T ln x, Y) < S n . Then by the invariance of Y", d(T tn+ ^x, Y) < 

00 

= 0, ,n — 1. Set A = I J{i n + j}?=o- By our construction we have 
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Remark 2.6. (1) The previous proofs of Theorem 12.51 involve the use of Zorn's 
Lemma. Here for a compact metric space we get a proof only using Hindman 
Theorem. Note that usually to show that any t.d.s. (X, T) contains some minimal 
subsystem is to use the well-known Zorn's Lemma argument. But for the case when 
X is metric and the action semigroup is Z + Weiss [35] gave a constructive proof. 

(2) From Auslander-Ellis Theorem Furstenberg introduced a notion called central 
set. A subset S C Z + is a central set if there exists a system (X, T), a point 
x G X and a minimal point y proximal to x, and a neighborhood U y of y such that 
N(x, U y ) C S. It is known that any central set is an IP-set [T51 Proposition 8.10.]. 

(3) By Lemma [2.21 x is a recurrent point if and only if it is .^-recurrent. In [I~5"| 
Theorem 2.17] it is also shown that for any IP-set R there exists a t.d.s. (X, T), a 
recurrent x G X and a neighborhood {7 of a; such that N(x, U) C i£ U {0}. 

2.2. Product recurrence. The following proposition was proved in [T5| Theorem 
9.11.] and we give a proof for completeness. 

Proposition 2.7. Let (X, T) be a t.d.s.. The following statements are equivalent: 

(1) x is distal. 

(2) x is product recurrent. 

(3) (x, y) is minimal for each minimal point y of a system (Y, S). 

(4) x is IP* -recurrent. 

Proof. Denote X = orb(x,T). First by Remark [231 it is easy to see that (2)<*=>(4). 

(1) ==>■ (4). If x is not 7P*-recurrent, then there is a neighborhood U of x such 
that N(x, U) is not an 7P*-set, i.e. there exists an IP-set Q such that T^xfW = 0. 
By Lemma 12.31 we know that there is a point y G T®x i.e. y (jL U such that 
(x, y) G P(X, T) which contradicts the assumption that x is distal. 

(4) ==>■ (1). As any thick set contains an IP-set, we get that x is a minimal point. 
If x is not distal, there exists a different point x' G X such that (x,x') G P(X,T). 
Let U and {/' be any neighborhoods of x and x' which are disjoint. N(x, U') is a 
central set and contains an IP-set, so N(x, U) fl N(x, U') ^ which implies x = x' . 

(1) ==>• (3). Let y be a minimal point of (Y, S 1 ). If (x,y) is not minimal, by 
Theorem 12.51 there exists a minimal point {x',y') G orb((x,y),T x 5) which is prox- 
imal to (x,y). It follows that x' is proximal to x which implies x = x' . For any 
neighborhood U x V of (x,y), N(x,U) is an JP*-set and N(y',V) is a central set 
as ?/ is proximal to minimal point y, so we know that 7V(x, £7) fl N(y', V) ^ 0, i.e. 
(x, y) G orb((x,y'),T x 5) which implies that (x,?/) is a minimal point. 

(3) (1). It is easy to see that x is a minimal point. If there exists a point x' G 
orb(x, T) which is proximal to x, then there exists a point (y, y) G orb((x, x'),T x T). 
As ( minimal point, then G orb((y,y),T x T) which implies x = x', 

so x is distal. □ 

3. /^-PRODUCT RECURRENT POINTS 

In this section we aim to show that if x is an J-p S -product recurrent point then it 
is minimal. 



10 PANDENG DONG, SONG SHAO AND XIANGDONG YE 

Definition 3.1. Let (A, T) be a t.d.s. and J 7 be a family, x £ A is J- '-product 
recurrent (J-"-PR for short) if given any J-"-recurrent point y in any t.d.s. (Y,S), 
(x,y) is recurrent in the product system (X x Y,T x S). 

By definition we have the following observation immediately. 

Lemma 3.2. Let J-\,J- 2 be two families with T\ C T 2 . Then each T 2 -PR point is 

It is clear that 

J~i n f — PR =>■ Jppubd — PR =^ J~ps — PR =>• J~s — PR- 

It was shown in [20j that an J^-PR point is not necessarily minimal (more exam- 
ples will be given in the next section). A natural question is: if x is J^-PR, is x 
minimal? Before continuing discussion, we need some preparation about symbolic 
dynamics. Let £ 2 = {0, 1} Z + and o : £ 2 — > S 2 be the shift map, i.e. the map 

(x , xi, x 2 , x 3 , . . .) i y (xi,X2, x 3 , ...) e E 2 . 

A shift space (X, a) is a subsystem of (£ 2 ,<r). For any S C Z+, we denote by 
Is £ {0, 1} Z+ the indicator function of S, i.e. 15(a) = 1 if a £ S and Is {a) = if 
a S. For finite blocks A = (a u . . . , a n ) £ {0, l} n and B = (&i, . . . , 6 n ) £ {0, l} n we 
say A < i? if aj < 6j for each i £ {1, 2, ■ ■ • , n}. For finite blocks A and S we denote 
the length of A by \A\, A A ■■ ■ A by A n for n £ N (in particular 0™ = 00-_0,), and 

n n 

the concatenation of A and B by AB. If (A, a) is a shift space, let [i] = [i]x = {x £ 
A : x(O) = i} for i = 0, 1, and [A] = [A] x = {x £ A : x Xi ■ ■ • xnA\-i) = ^4} f° r any 
finite block A. 

To settle down the question we need the following notion. By an md-set A we 
mean there is an M-system (Y, S), a transitive point y £ Y and a neighborhood £/ 
of y such that A = N(y, U). 

Proposition 3.3. Every thick set containing contains an md-set. 
Proof. Let C C Z + be a thick set with £ C. Let x = l c = (x , £1, . . .) £ {0, 1} Z+ . 
By the assumption xq = 1 and there are p n < q n £ N with 11 ■ ■ ■ 1 < (x Pn , . . . , x gn ) 

n 

for any n £ N. It is clear that there is ax > 1 such that 

A 1 = 10 ai l < (x ...x h ) 

with /1 = I Ai| — 1. By the same reasoning there is a 2 > ai and a 2 can be divided 
by \Ai\ with 

A 2 = A 1 a2 A 1 < (x ,...,x h ) 
where l 2 = \ A 2 \ — 1. Then \A 2 \ can be divided by \Ai\. 

Inductively assume that A\, . . . , A}~ are defined, then there is a^+i > and a^ + i 
can be divided by \Ak\ with 

A k+1 = A k ^A k Af}} . . . Af +1 Af +1 < (x , x lk+1 ) 
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where |v4i| n fe+i = l^l"^ 1 = ... = |v4 fc _i| n *+i = \A k \ and l k+1 = \A k+1 \ - I. Then 
|-Ajfc+i| can be divided by \Aj\ for 1 < j < k. It is easy to see that Vz G N, n*- — > oo 
when j — )• oo. 

Let y = linifc^oo A k G {0, 1} Z+ , then y is a recurrent point under the shift a. 
It is clear that N(y, [A n ]) is piecewise syndetic. Thus the orbit closure of y is an 
M-system (in fact it is a P-system). At the same time, 

N(y,[l]) = {neZ + : ( r n ye[l]}cC. 

This completes the proof. □ 

Now we give a positive answer to the question. 

Theorem 3.4. Let {X,T) be a t.d.s.. If x is J-" ps -PR, then it is minimal. 

Proof. If x is not minimal, then there is a neighborhood U of x such that N(x, U) 
is not syndetic. Thus, Z+ \ N(x,U) is thick. Let C = {0} U Z + \ N(x,U). By 
Proposition 13.31 C contains a subset A = N(y, V), where y is a transitive point of 
some M-system,which is J-p^-recurrent, and V is a neighborhood of y. Then 

N((x, y ),UxV) = N(x, U) n iV(y, V) c {0}, 

which implies that (x,y) is not recurrent, a contradiction. Thus x is minimal. □ 

Since each Jp^M-PR point is an J^s-PR one, as a corollary of Theorem 13.41 each 
^>«6d-PR point is minimal. Generally, we have 

Corollary 3.5. Let J 7 be a family with J-" ps C J 7 . Then each J^-PR point is minimal. 

4. JVproduct RECURRENT POINTS 

In this section we aim to show that the closure of an J-^-product recurrent point 
is an M-system. On the way to do this, we show that if (X, T) is a transitive t.d.s. 
which is disjoint from any minimal system, then each transitive point of (X, T) is 
J-'s-PR. Thus combining results from [22] we reprove that an J-" S -PR point is not 
necessarily minimal which was obtained in [20] ■ Note that weak product recurrence 
is also discussed in [21] recently. 

4.1. J-'s-product recurrence. 

Definition 4.1. A subset A of Z + is called an m-set, if there exist a minimal system 
(Y,S),y<EY and a non-empty open subset V of Y such that A D N(y, V). The 
family consisting of all m-sets is denoted by Tmset- 

A subset A of Z + is called an sm-set (standing for standard m-set), if there 
exist a minimal system (Y, S), y G Y and an open neighborhood V of y such that 
A D N(y, V). The family consisting of all sm-set is denoted by J r smse t- 

It is clear that Jrsmset C T m set and hence J^ get C T* smset . We will show (Proposi- 
tion [OJ that J~smset c Fps- Moreover, we have the following observation. 

Proposition 4.2. The following statements hold. 
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(1) Let (X,T) be transitive and x £ Tran^. Then (X,T) is disjoint from any 
minimal t.d.s. if and only if N(x, U) DA ^ for each neighborhood U of x 
and each m-set A, i.e. N(x, U) £ J-^set- 

(2) A point x is J-'s-PR if and only if for each open neighborhood U of x and 
each sm-set A, N(x, U)nA^$, i.e. N(x, U) £ Tt mset . 

Proof. (1) is proved in [25J. (2) follows from the definitions. □ 

So we have 

Theorem 4.3. Let {X,T) be a transitive t.d.s. which is disjoint from any minimal 
system. Then each point in Tranx is Fg-PR and non-minimal. 

Proof. It follows by Proposition 14. 21 directly. We give a direct argument here. Let x £ 
TranT and (Y, S) be a given minimal t.d.s.. For y £ Y let A = orb[(x,y),T x S). 
It is clear that A is a joining and hence A = X x Y . This implies that (x, y) a 
recurrent point of (X x Y,T x S) and hence x is J-" S -PR. □ 

For a t.d.s. (X,T), x £ X is a regular minimal point if for each neighborhood U 
of x, there is k = k(U) such that N(x, U) D kTL + . In [25] Huang and Ye showed 
that any weakly mixing t.d.s. with a dense regular minimal points is disjoint from 
any minimal t.d.s.. There are a lot of non-minimal systems with this properties, for 
example the full shift and the example constructed in [25]. Thus an J-" S -PR point 
is not necessarily minimal. We note that this result was also obtained in [20J. So 
naturally one would ask: if x is J^-PR and not minimal, what can we say about the 
properties of such point? In fact we will show that the closure of x is an M-system, 
i.e. it has a dense minimal points. 

The way we answer the question is that we will show every thickly syndetic set 
containing {0} contains an m-set. Note that a subset A of Z + is thickly syndetic if it 
has non-empty intersection with any piecewise syndetic set. More precisely, a subset 
of Z + is thickly syndetic if for each n £ N there is a syndetic subset S n = {s", S2, ■ ■ ■} 
such that S D LT =1 IXi R + 1, s? + 2, . . . , s? + n}. 

For a transitive system whether it is disjoint from all minimal systems can be 
checked through m-sets, for the details see [22]. Particularly the authors showed 
that every thickly syndetic set contains an m-set. To solve our question we need to 
show 

Proposition 4.4. Every thickly syndetic set containing {0} contains an sm-set. 

Since the proof of Proposition 14.41 is a little long, we left it to the next subsection. 
Now we have 

Theorem 4.5. The orbit closure of an T S -PR point is an M-system. 

Proof. Let x be an J-" S -PR point and U be an open neighborhood of x. If N(x, U) 
is not piecewise syndetic, then A = Z + \ N(x, U) is thickly syndetic. Then by 
Proposition 14.41 iU{0} contains N(y, V), where (Y, S) is a minimal set, y £ Y and 
V is an open neighborhood of y. Thus we have 

N((x, y),UxV) = N(x, U) n N(y, V) C {0}, 
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which implies that (x,y) is not recurrent, a contradiction. □ 

Remark 4.6. Recall that two t.d.s. (X, T) and {Y, S) are weakly disjoint if (X x 
Y, T x S) is transitive. A t.d.s. is scattering if it is weakly disjoint from all minimal 
t.d.s. [0]. We remark that a transitive point in a non-minimal scattering t.d.s. is 
not necessarily weakly product recurrent, since there is an almost equicontinuous 
scattering t.d.s. which is not an M-system, see [29, Theorem 4.6]. It is worth to 
note that when considering weak disjointness the return time sets N(U, V) play the 
crucial role, but this is not the case when considering disjointness or weak product 
recurrence, where sets N(x, U) play the role. 

We also have the following remark. 

Remark 4.7. It is easy to see that if x is weakly product recurrent and y is distal, then 
(x, y) is also weakly product recurrent. This implies that orb(x, y) is not necessarily 
weakly mixing. Thus, the collection of sm-sets is strictly contained in the collection 
of m-sets, since if (X, T) is transitive and is disjoint from all minimal t.d.s. then 
(X, T) is weakly mixing, see [25] . 

4.2. Proof of Proposition 14. 4L Let F C Z + be a thickly syndetic subset con- 
taining {0}. We will construct y n = lp n G {0, 1} Z + such that F n C F and 
y = lim^oo y n = 1 A is a minimal point. Then let Y = orb(y, a) and [1] = {x G Y : 
x(0) = 1}. Since A G F and A = N(y, [1]), we have the theorem. 

To obtain y n we construct a finite word A n such that y n begins with A n , A n 
appears in y n syndetically and A n+ \ begins with A n . The reason we can do this 
is that l n = (1, . . . , 1) (n times) appears in lp syndetically for each nGl More 
precisely we do as follows. 

Step 1: Construct A\ and F\ C F such that A\ appears in y 1 = lp 1 with gaps 
bounded by l\ and y 1 begins with A\. 

Let minF = a± — 1 and A\ = 1f[0',cli — 1]. Set B\ = AiAiOAx and r\ = 
b\ = \Bi\ = 3a,i + 1. As F is thickly syndetic, l ri appears in F at a syndetic set 
W\ = {w\ ) w\, . . .}. Without loss of generality assume that 2ri < u>| +1 — Wj < l\ 
and 2ki < w\ < l\, where l\ is some number in N. Put u\ = wj,i G N. Choose 
y 1 G {0, such that 

• y x [0; ax - 1] = A u y^uj; u\ + bi - 1] = B x and 

• y\j) = if j G Z + \ ([0; a x - 1] U U^K; u\ + b x - 1]). 

It is easy to see that B x as well as A\ appears in y 1 with gaps bounded by l x and 
Fi C F, where 1^ —y 1 . 

Step 2: Construct A2 and F2 C F such that 

(1) A 2 has the form of AxVyBi and if a 2 = \A 2 \ then A 2 = y 1 ^', «2 — 1]- 

(2) y 2 [0;a 2 — 1] = A 2 and Ai,A 2 appear in y 2 syndetically with gaps bounded 
by l\ and l 2 respectively. 

(3) F 2 = {1 e Z + : y 2 (t) = 1}cF. 

Set a 2 = u\ + bi and let A 2 = y^O; a 2 - 1], B 2 = A 2 A 2 0A 2 , b 2 = \B 2 \ = 3a 2 + 1. 
Then A 2 has the form of A1V1B1. Let r 2 = 2l\ + 2b\ + 62- As F is thickly syndetic, 
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V 2 appears in F at a syndetic set W 2 = {w\, w 2 , . . .}. Without loss of generality 
assume that 2r 2 < w 2 +l — w 2 < l 2 — (h + &i) and 2a 2 < w\ < l 2 — (h + &i), where 
l 2 is some number in N. 

To get y 2 we change y 1 at places [w 2 ; w 2 + r 2 — 1] for each i 6 N. It is enough to 
show the idea how we do at [wf; wf + r 2 — 1]. 

Let k, j satisfy that u\_-^ < w\ < u\ and -uj + b\ — 1 < w\ + r 2 — 1 < + b\ — 1. 
Let / be the integer part of (w] — 1 — u\ — b\ — b 2 )/bi. 

Put u\ = u\ + &!. Let y 2 [u\] u\ + b 2 — 1] = 5 2 and y 2 [-u 2 + & 2 + P&i! «i + b 2 + (p + 
— 1] = Bi for p = 0, 1, — 1. That is, first we put B 2 at place u\ and then 
we put as many as B x we can. We do the same at all places [w 2 ; wf + r 2 — 1], we 
get u 2 G [w 2 , w 2 + r 2 - 1] with y 2 [w 2 ; wf + 6 2 - 1] = A 2 , i = 1, 2, . . .. 

In such a way we get y 2 . It is easy to see that y 1 and y 2 differ possibly at 
[w 2 ; w 2 + r 2 — 1]. Thus 

F 2 = {t G Z + : y 2 ^) = 1} C F 1 |J U^iK 2 ; W ? + r 2 - 1]. 

At the same time Bi,B 2 appear in y 2 syndetically with gaps bounded by l\ and l 2 
respectively by the construction and so are A±, A 2 . 

Step 3: Construct A m+ i and F m+ i C F inductively such that 

(1) A m+ i has the form of A m V m B m and if a m+l = \A m+1 \ then A m+1 = 
y m [0;a m+1 -l]. 

(2) y m+1 [0;a m+ i — 1] = A m+ i and Ai appear in y m+1 syndetically with gaps 
bounded by U for each 1 < % < m + 1. 

(3) F m+1 = {ieZ + : y m+ \t) = 1} C F. 

Set a m+ i = u™ + b m and let A m+i = y m [0; a m+ i — 1], B m+ i = A m+1 A m+1 0A m+1 , 
and b m+1 = \B m+1 \ = 3a m+1 + 1. Then A m+ i has the form of A m V^i? m . Let 
r m+ i = 2l m + 2b m + 6 m+ i. As F is thickly syndetic, l rm + x appears in F at a 
syndetic set W m+ \ = w™ +1 , . . .}. Without loss of generality assume that 

2r m+1 < w]ff - wf +1 < l m+1 - (l m + b m ) and 2k m+1 < < +1 < l m+1 - (l m + b m ), 
where l m +i is some number in N. 

To get y m+1 we change y m at places [w™ +1 ] u>™ +1 + r m+1 - 1] for each i e N. It 
is enough to show the idea how we do at [u>™ +1 ; u>™ +1 + r m+1 — 1]. 

Let k,j satisfy that u^_ x < w™ +1 < and u™ + 6 m - 1 < + r m+1 - 1 < 

• !>,„ • 1- 

Put < +1 = < + fo m . Let 2/ m+1 [< +1 ; < +1 + 6 m+1 - 1] = B m+1 and 

- 1] = J B m+1 ( J B m )^( J B m _ 1 ) Pm - 1 • • • (5i) Pl C m+ i, 
where C m+ \ is a word, and p±, . . . ,p m are natural numbers with 

• |Cm+l| < bi, 

• |C m+ i| + < b 2 , and 

• |C m+ i| + bipi + . . . + biPi < b i+ i for each 1 < i < m — 1. 

That is, first we put -B m+ i at place and start from + A; m+ i to -u™ we put 
as many as B m we can and then we put as many as B m _i we can and so on. We do 
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the same at all places [w™ +l ; w™ +1 +r m+1 - 1] , we get G ; w™ +1 +r m +i - 1] 

with y m+l [uT +1 ] uf +1 + 6 m+1 - 1] = B m+1 , i = l,2.... 

In such a way we get y m+1 . It is easy to see that y m+1 and ?/ m differ possibly only 
at [w™ +1 ; ^ m+1 + r m+l - 1], i = 1, 2, . . .. Thus 

F m+1 = {i G Z + : y m+1 (0 = 1} C F m |J U^K^ 1 ; < +1 + r m+1 - 1]. 

At the same time appears in y m+l syndetically with gaps bounded by for each 
l<i<m + lby the construction and so is A4 for each 1 < i < m + 1. 

In such a way for each m G N we defined a finite word A m . Let y = limy4 m = 
\imy m . By the construction, A m appears in y with gaps bounded by l m for each 
m G N. That is, ?/ is a minimal point for the shift. It is obvious that y 7^ (0, 0, . . .). 
Let Y = orb(y, a) and U = [1] = {x G Y : x(0) = 1}. Then 

00 00 
^ iV(y, C/) = |J{z G Z + : A n (i) = 1, < i < h n - 1} C |J F n C F. 

8=1 i=l 

Thus F contains the m-set N(y, U). The proof is completed. □ 

Remark 4.8. In fact, in the proof of Proposition U3J (Y, a) is a weakly mixing system. 
Indeed, for each m G N, A m+1 has the form A m V m B m i.e. the form A m V m A m A m 0A m , 
so we know that iV(L4 m ], [A m ]) = N(y, [A m ]) - N(y, [A m ]) D {a m ,a m + 1} which 
implies that Y is weakly mixing (see Lemma 14.91 below) . 

4.3. Condition in [20]. In this subsection we will show that there is no minimal 
t.d.s. satisfying the sufficient condition in J2DJ Theorem 3.1]. Let (X,T) be a t.d.s.. 
Say x & X satisfies the property (*): 

(*) if for each neighborhood V of x, there exists n = n(V) such that if S C Z + is 
a finite subset with \s — t\ >n for all distinct s,t G S, then there exists £ G Z + such 
that T s+t x eV for alls eS. 

We will show that if (X, T) is a transitive system with a transitive point x sat- 
isfying (*) then it is weakly mixing. Note that the orbit closure of an J^-PR point 
needs not to be weakly mixing (see Remark 14. 7p . 

First we need the following lemma. 

Lemma 4.9. Lemma 5.1] Let (X,T) be a transitive system. If for any open 
non-empty subset U of X there is s = sjj G Z + such that s, s + 1 G N(U, U), then 
(X, T) is weakly mixing. 

Let Trs be the smallest family containing {nZ + : n G N}. The following notion 
was introduced in [25]. Let (X, T) be a t.d.s.. We say (X, T) has dense small periodic 
sets, if for any open and non-empty subset U of X there exists a non-empty closed 
A C U and fceN such that A is invariant for T k . Now we are ready to show 

Lemma 4.10. Let (X, T) fre a transitive system with a transitive point x satisfying 
(*). Then (X, T) is weakly mixing, and it has dense small periodic sets. 
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Proof. First we show (X, T) is weakly mixing. Let U be a non-empty open subset 
of X and V be a neighborhood of x such that T m V C U for some m G N. Assume 
n = n(V) is the number appearing in the definition of (*). Then there is £ G Z + such 
that {£+n, £+2n, £+3n+l} C iV(x, V). That is, T £+n x, T £+2n x, T £+3n+1 x G V, which 
implies that T m+e+n x, T m+e+2n x, T m+e+3n+1 x G £/". Thus £ + n,£ + 2n, £ + 3n + 1 £ 
N(T m x,U). We have 

N(U, U) = N(T m x, U) - N(T m x, U) D {n, n + 1}. 

By Lemma 14.91 (X, T) is weakly mixing. 

Now we show (X, T) has dense small periodic sets. Let V be a neighborhood of x 
and n = n(V) be the number appearing in the definition of (*). By (*) for all k G Z + 
there is some I = l(k) G Z+ such that ff j=0 T^ n ~ l V ^ 0. That is, fljLo 7 "^ ^ 0- 
By a compactness argument we have OJLqT'^V ^ 0. This implies that there is 

y e Dilo T-in ^ such that Tjn y e ^ for a11 j G z +- Thus ' ( X ? T ) has dense sma11 

periodic sets since x is transitive. □ 

With the help of Lemma 14.101 we have 

Theorem 4.11. There is no minimal t.d.s. with points satisfying (■*). 

Proof. Assume the contrary that there is a minimal t.d.s. (X, T) with points satisfy- 
ing (★). Then on the one hand, by Lemma f4. 101 (X. T) has dense small periodic sets, 
and hence (X, T) is not totally transitive. But on the other hand, also by Lemma 
14.101 (X, T) is totally minimal, a contradiction. □ 

5. J"-PRODUCT RECURRENCE FOR ZERO ENTROPY 

Entropy is a measurement of complexity or chaos of a t.d.s.. For a t.d.s. (X, T) the 
entropy of (X, T) will be denoted by h(T). For the definitions and basic properties 
of entropy and how to compute the entropy of a symbolic system we refer to [36J. 
In this section we investigate the properties of points whose product with points 
whose orbit closure having zero entropy is recurrent. We show if (x, y) is recurrent 
for any point y whose orbit closure is a minimal system having zero entropy, then 
x is Fpubdr recurrent, and if (x, y) is recurrent for any point y whose orbit closure is 
an M-system having zero entropy, then x is minimal. Moreover, it turns out that if 
(x, y) is recurrent for any recurrent y whose orbit closure has zero entropy, then x 
is distal. 

5.1. J^-PRo. 

Definition 5.1. Let (X, T) be a t.d.s. and J 7 be a family, x G X is J-"-PRo if for 
any t.d.s. (Y, S) and any ^-recurrent point y G Y whose orbit closure orb(y, S) 
having zero entropy, (x, y) is a recurrent point of (X x Y, T x S). 
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It is cleat that 

Finf — PR *- J~pubd ~ PR *• Fp S — PR >- T s — PR 

J 7 in/ — PRq »» J 7 oubd — PR® >- Fps ~ PRo ^ T a ~ PRq 

Where " — >" means implication. 

Recall that x is J-"j n j-PR if and only if x is distal. We have 

Theorem 5.2. Let {X,T) be a t.d.s. and x £ X. Then x is J-i„/-Pi?o if and only 
if it is distal. 

Proof. If x is distal, then it is clear that it is J-i n /-PRo. Now assume that x is J-i n /- 
PRo- Let A be an IP-set. Then A contains a sub IP-set B with zero entropy (see 
for example [23])- Then N(x, U) is IP* for each neighborhood U, and x is distal by 
Proposition 12.71 □ 

Similar to Theorem 14.31 we have 

Theorem 5.3. Let (X,T) be a transitive t.d.s. which is disjoint from any minimal 
system with zero entropy. Then each point in Tran? is J^s-PRq. 

It was proved in [8] that a transitive diagonal system is disjoint from all minimal 
t.d.s. with zero entropy. Thus if (X, T) is a transitive diagonal t.d.s. then each 
transitive point x is in J-^-PRo- It was proved in [23] that every subset of Z + with 
lower Banach density 1 contains an m-set A such that the orbit closure of 1^ has 
zero entropy. With a small modification we have the following proposition. 

Proposition 5.4. Every subset of Z + with lower Banach density 1 containing {0} 
contains an sm-set A such that the orbit closure of 1^ has zero entropy. 

Using the same argument as in Theorem 14.51 we have 

Theorem 5.5. The orbit closure of an T s -PRq point is an E-system. 

Proof. Let x be an J-" S -PR point and U be an open neighborhood of x. If N(x, U) has 
zero Banach density, then the lower Banach density of A = Z + \ N(x, U) is 1. Then 
by Proposition 15. 4^ AU {0} contains N(y, V), where (Y, S) is a minimal set, y EY, 
V is an open neighborhood of y and h(S) = 0. Thus we have N((x,y), U x V) = 
N(x, U) n N(y, V) C {0}, a contradiction. □ 

Let E(X,T) be the set of all entropy pairs (see [S]). A t.d.s. (X, T) is diagonal if 
{(x,Tx) : x £ X} C E(X,T) and u.p.e. if E(X,T) = X 2 \ A. In [23] a transitive 
diagonal t.d.s. with a unique minimal point was constructed (see [22] for more 
examples). Thus we have 

J~ s — PRo 7^ J~s — PR- 
We remark that there is a minimal point x which is J-" s -PRo and is not J-" S -PR. In 
fact by [10J if h(T) > then there are asymptotic pairs (x, y) with x ^ y, and by 
[T9] or [27] there are minimal u.p.e. systems. 
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5.2. J ps -PR(|. In Theorem 13.41 we have shown that if a point x is J-" ps -PR, then x 
is minimal. Here is a natural question: if x is J-" ps -PRo, is x minimal? The answer 
is affirmative. That is, we have 

Theorem 5.6. Let {X,T) be a t.d.s.. If x G X is J- ps -PRq, then it is minimal. 

Proof. According to the proof of Theorem 13.41 it remains to show that the point y 
constructed in Proposition 13.31 has zero entropy. 
Recall that 

A k+1 = A k ^A k Af}} . . . Af + '4 k+1 < (x , . . • , x lk+1 ) 

with |Ai| n *+i = |A 2 | n *+ 1 = . . . = |A fe _i| n *+i = \A k \, a k+ i can be divided by \A k \ and 
y = linifc^oo A k . Let X = orb(y, a) and m k = \A k \. 
We are going to show that h(X, a) = 0. Let 

B k (y) = #{w G {0, l} k : 3i G Z + such that u = y[i; i + k-1]}, 

where #(•) means the cardinality of a set. Then h(X,a) = lim^oo — logB mk (y). 
Let u G {0, l} mfe appear in y. Then there exists i > k such that u appears in Aj. 
By the way of the construction of Aj, j G N, it is known that A4 = W Wi ■ ■ ■ W s , 

n fe_1 n 2 n 1 n fe_1 

where Wj has the form of mfe A fc A fc ^ + 1 1 . . .A 2 k+1 A{ k+1 with |0 mfe | = \A k \ = \A k ^\ = 

2 1 

. . . = \A2 k+1 \ = \A n l k+1 \. So we have that 

B mk (y) < (m k + l)(k+ l)k < (m k + l) 3 . 

It follows that 

h{X,a) = lim —\ og B mk (y) = 0. 

fe->oo m k 

This ends the proof. □ 

5.3. Summary and some questions. Let (£0 be the collection of all i?-systems 
with zero entropy, and WIq be the collection of all M-systems with zero entropy. The 
following proposition is from [23]. Recall that a t.d.s. (X, T) is c.p.e. if the factor 
induced by the smallest closed invariant equivalence relation containing E(X,T) is 
trivial. 

Proposition 5.7. The following statements hold. 

(1) If X _L Co (i.e. X is disjoint from each element of then X is minimal 
and has c.p.e.. 

(2) If X is minimal and for each fi G M(X,T), (X, Bx, f-,T) is a measurable 
K-system, then X _L <£ - 

(3) If X is a minimal diagonal system then X _L Wl . 

Thus we have 
Theorem 5.8. The following statements hold. 

(1) Fpubd — PRq 7^ -Finf — PRq. 

(2) J-ps — PRo A -P ps — PR. 

(3) Tpubd — PRq 7^ Fpubd — PR- 
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Proof. (1) Let (X, T) be a minimal t.d.s. such that there is fi G M(X,T) with 
(X, Bx, /•*, T) being a measurable K-system. Then each point of X is in Fpuu-PRo- 
Since in such a system, there exists asymptotic pairs, we have J- pu bd — PRo 7^ 

(2) and (3) follow from Proposition 15.71 □ 
The following question is open: 

■Ppg — PRq 7^ J 7 oubd — PRo^ 

Note that it is an open question if there is a t.d.s. in M$ \ see [23J. 
To sum up we have 



inf 



■PR 



inf 



PR 



pubd 



PR 



ps 



PR 



not 



not 



not 



not -r- 
-* J~ i 



pubd 



PR n 



Fs-PR 

not 

PR 



For minimal systems we have 



■Finf — PR 



pubd 



PR 



inf 



pubd 



not 

-PR 



o 



not 

PRo 



-F s -PR 

not 

Fs - PRo 



6. Factors and extensions 



In this section we investigate product recurrent properties for a family under 
factors or extensions. In this section and the next section we will use some tools 
from the theory of Ellis semigroup, see [5J [T7J E21 E3] for details. 

6.1. Definitions on factors. A homomorphism ir : X — )■ Y between the t.d.s. 
(X, T) and (Y, S) is a continuous onto map which intertwines the actions; one says 
that (Y, S) is a factor of (X,T) and that (X, T) is an extension of (Y, S), and one 
also refers to 7r as a factor map or an extension. The systems are said to be conjugate 
if 7r is bijective. An extension tt is determined by the corresponding closed invariant 
equivalence relation R v = {(xi,X2) '■ vrxi = 11x2} = (n x 7r) _1 Ay C X x X. 

An extension tt : (X, T) — > (Y, S) is called proximal if R n C P(X,T). Similarly 
we define distal extensions. An extension it is equicontinuous if for every e > there 
is 5 > such that (x, y) G R^ and d(x, y) < 5 implies d(T n x, T n y) < e, for every 
neN. And tt is called almost one-to-one if the set X = {x G X : 7r _1 (7r(x)) = {x}} 
is a dense Gs subset of X. 
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6.2. Product recurrent properties under factors or extensions. In this sub- 
section we will use the following basic result frequently: x is recurrent if and only 
if there is an idempotent u such that ux = x (please refer to [H El DEI [15] etc. for 
details). 

Proposition 6.1. Let tt : X — > Y be a factor map. If x G R(X,T) then ir(x) G 
R(Y, S). Conversely, if y G R(Y, S) then there is x G 7r _1 (?/) fl R(X,T). 

Proof. Let y G R(Y,S). Then there is an idempotent u with uy = y. Take x' G 
7r _1 (y) and set x = ux'. Then x G R(X,T) and tt(ux') = utt(x') = y. □ 

Corollary 6.2. Let (Y,S) be a t.d.s and y G Y be recurrent. Then for any t.d.s. 

(X,T), there is x G X such that (x,y) recurrent. 

Proof. One can get the corollary from Proposition 16.11 or Proposition 12.41 □ 

Let tt : (X, T) — > (Y, S) be a factor map. Recall a point x G X is called it -distal 
if (x',x) G P(X,T) and tt(x') = tt(x) then x = x' . 

Theorem 6.3. Let J 1 be a family, (X, T), (Y, S) be two t.d.s. and tt : X — > Y be 
a factor map. 

(1) If x is T-PR, then tt{x) is J 7 -PR. 

(2) If x is it -distal and y = tt(x) is T-PR, then x is T-PR. 

(3) If y G Y satisfies tt~ 1 (u) = {x} for some x G X and y is T-PR, then x is 
T-PR. 

Proof. (1) Let x be J 7 - PR and X\ be the orbit closure of x. Assume that z is a 
J-"-recurrent point and Z = orb(z). Then it x Id : X\ x Z — > Y x Z is a factor map. 
Since x is T-PR, (x,z) is a recurrent point. It follows that (ir(x),z) is a recurrent 
point, and thus ir(x) is J-"-PR. 

(2) Assume y is J-"-PR. Let z be a J-"-recurrent point. Then (y, z) is recurrent, 
and hence there exists an idempotent u such that u(y,z) = (y,z). Now we have 
tt(ux) = utt(x) = uy = y = ir(x) and note that (x, ux) G P(X,T). Since x is 
7r-distal, we have ux = x. Thus u(x,z) = (x,z), i.e. (x,z) is recurrent. Hence x is 
J^-PR. 

(3) is a special case of (2). □ 

Theorem 6.4. Lei (X,T),(Y,S) be t.d.s. 

(1) If (X,T) and (Y, S) have dense sets of minimal points (resp. E-systems, 
P -systems), then so does 1x7. 

(2) If (X, T) has a measure with full support and (Y, S) has a dense set of re- 
current points, then X x Y has a dense set of recurrent points. 

(3) There are transitive t.d.s. (X,T) and (Y, S) such that X x Y does not have 
a dense set of recurrent points. 

Proof. If (X, T) and (Y, S) have dense sets of periodic points, or have measures with 
full support, then it is clear that so does (X x Y, T x S). 

If X and Y are minimal then there is a minimal point (x, y) G X x Y . Since 
rpn x gm ■ x xY — y X x Y is a factor map it follows that (T n x, S m y) is minimal 
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for each pair (n, m) G Z + x Z + . Thus the set of minimal points in X x Y is dense. 
This implies that if X and Y have dense sets of minimal points then so does X xY. 

Now assume that X has a measure with full support and Y has a dense set of 
recurrent points. Without loss of generality we assume that X is an F-system and 
Y is transitive. For non-empty open sets U C X and V C Y, pick transitive points 
x G U and y G V. Then 

iv(?7xy,[/xy) = iv([/,[/)niV(v;y) = (iv(x, u)-n(x, u))n(N(y,v)-N(y,v)). 

Since iV(z, £/) G J 7 ^, N(x,U) - N(x,U) is an 7P*-set p~5l Theorem 3.18.]. This 
implies that iV(C/ x V, C/ x V) is infinite. That is X x Y is non-wandering which 
implies that the set of recurrent points in X x Y is dense [T5"| Theorem 1.27.]. 

Let F\ and F 2 be two disjoint thick sets. Let A\ and A 2 be two IP-sets contained 
in Fi and F2 respectively. Moreover we may assume that Ai is generated by {p*} 
with 

> pi + ■ ■ ■ + p) 

for all j G N and Aj-A»C F; for z = 1, 2. Let X< = orb(l Ai1 a) C {0, 1} Z +, i = 1, 2. 
Then X x x X 2 does not have a dense set of recurrent points, since 

N{[l) x X [l] y , [l) x X [l] y ) = N([l] x , [l) x ) n iV([l]y, [l]y) 

= (A x - A x ) n (A 2 - A 2 ) C Fa n F 2 = 0. 

□ 

7. DISJOINTNESS AND WEAK DISJOINTNESS 

Let T be a class of t.d.s. and (X,T) be a t.d.s. If (X,T) _L (Y, 5), V(Y, 5) G T, 
then we denote it by (X,T) 1 T or (X,T) G T\ where T x = {(X,T) : (X,T) _L 

Let be the class of all minimal systems and A^o be the class of all minimal 
systems with zero entropy. Let A4 eq (resp. Add and A4 wm ) be the class of all minimal 
equicontinuous (resp. distal and weakly mixing) systems. In [T3], Furstenberg asked 
the question: Describe the classes A4 1 - and Aid~ ■ We extend the question: 

Question 7.1. Which t.d.s. is disjoint from M., M.§, A4 eg , Aid and A4 wm ? Or 
determine M L , Mq, Mjr q , Mj and M^ m . 

A related question is about the weak disjointness. In this section we will summa- 
rize what one knows concerning the above question and give additional new results. 

7.1. Some basic properties on disjointness. Let ir : (X, T) — > (Y,S) be an 
extension between two t.d.s. (X, T) and (Y, S). tt is called minimal if the only closed 
invariant subset K of X such that 7t(K) = Y is X itself. Clearly, X is minimal if and 
only if 7r is minimal and Y is minimal. More generally, let7r:X— y Y, ip : Y — > Z 
be extensions, then ip o n is a minimal extension if and only if both ip and 7r are 
minimal extensions. 

By definitions it is easy to get the following important observation: 
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Lemma 7.2. Let (X,T) be a t.d.s. and let (Y, S) be minimal. Then {X,T) _L (Y, S) 
if and only if the projection map 7i"i : X x Y — > X is a minimal extension. 

An extension tt : X — » Y is said to be semi-distal if (x, y) G -R^ is both recurrent 
and proximal, then x = y. 

Lemma 7.3. [21 Theorem 2.14.] Let tt : (X, T) -> (Y,£) 6e a factor map. If X is 
transitive and tt is semi-distal, then tt is minimal. 

Since each equicontinuous or distal extension is semi-distal, we have 

Corollary 7.4. Let tt : (X, T) — > (Y, S) be a factor map. If X is transitive and tt 
is equicontinuous or distal, then tt is minimal. 

The following proposition concerns the 'lifting' of disjointness by semi-distal ex- 
tensions. 

Proposition 7.5. Let (X, T) be a t.d.s. and tt : (Y', S') — > (Y, S) be an extension of 
minimal systems. If tt is semi-distal (resp. distal, equicontinuous) and {X x Y',T x 
5") is transitive, then 

X _L Y' if and only if X _L Y. 
Proof. It follows from Lemma 17.21 and Lemma 17.31 □ 

The following proposition concerns the 'lifting' of disjointness by proximal exten- 
sions. 

Lemma 7.6. Let tt : (X, T) — > (Y,S) be an extension. If X has a dense set of 
minimal points and tt is proximal, then tt is minimal. 

Proof. Let J be a closed invariant subset of X with tt(J) = Y. Let x be a minimal 
point of X. Since tt(J) = Y, there is x' G J such that tt(x) = tt(x'). Now as tt is 
proximal, x, x' are proximal. Hence by minimality of x, 

x G orb(x, T) C J. 

Since the set of minimal points of X is dense, J = X. That is, tt is minimal. □ 

Proposition 7.7. Let {X,T) be a t.d.s. andir : (Y',S') — > (Y, S) be an extension of 
minimal systems. If tt is proximal and (X x Y', T x 5") has a dense set of minimal 
points, then 

X _L Y' if and only if 117. 

Proof. It follows from Lemma 17.21 and Lemma 17.61 □ 

Finally, we have the following property: 

Proposition 7.8. [5] Disjointness is a residual property, i.e. it is inherited by 
factors, irreducible lifts and inverse limits. 
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7.2. A note on Z + -actions and Z-actions. In the sequel we will deal with the 
structure theorem of minimal systems. This theory was mainly developed for group 
actions and accordingly we assume that T is a homeomorphism when we use the 
related results. 

To get the results for surjective maps we need to consider the natural exten- 
sions. For a t.d.s. (X, T) with a metric d, we say (X,T) is the natural exten- 
sion of (X, T), if X = {(x 1 , x 2 , ■ ■ ■ ) : T(x i+ i) = x iy Xi G X,i G N}, which is a 
subspace of the product space H^X with the compatible metric dx defined by 
d T ({x 1 ,x 2 , ■ ••),(</!, J/2, — )) = E"i%^- Moreover, f : X — ► X is the shift 
homeomorphism, i.e. T(a;i, x 2 , ■ ■ ■ ) = (T(xi), xi, x 2 , ■ ■ ■ ). The important fact is 
that: (X,T) 1 (Y, S) if and only if (X, f ) 1 {Y,S), where (X,T) and (F, 5) are 
the natural extensions of (X, T) and (F, S) respectively [251 Proposition 1.1.]. Hence 
when considering disjointness of two systems, we can can assume both of them are 
homeomorphisms. 

Another problem is that the traditional structure theory of minimal systems is 
developed for group actions, and that means here it works for Z-actions. But till 
now we only confront Z + -actions. This is not a big problem here, since by definition 
it is easy to verify that for two homeomorphism systems they are disjoint under 
the Z + -actions if and only if they do under the Z-actions. Note that when we 
consider Z-actions, the notions defined before are a little different. For example, 
for Z-actions (x,y) of X is proximal if there is a subsequence {rij} in Z such that 
linin-s.oo T ni x = lim^oo T ni y. We deal with other notions in the similar way. It is 
easy to check that all results of Subsection 17. II still hold when considering Z-actions. 

To sum up, in the sequel when we deal with the structure theorem of minimal 
systems, we assume that T is a homeomorphism and use related results freely. 

7.3. Structure theorem for minimal systems. In this subsection we briefly 
review the structure theorem of minimal systems. 

We say that a minimal system (X, T) is a strictly PI system if there is an ordinal rj 
(which is countable when X is metrizable) and a family of systems {(W t , w L )} L < v such 
that (i) Wo is the trivial system, (ii) for every i < rj there exists a homomorphism 
<p L : W i+ \ — > W L which is either proximal or equicontinuous, (iii) for a limit ordinal 
v < rj the system W u is the inverse limit of the systems {W L } L<U , and (iv) W v = X. 
We say that (X, T) is a Pi-system if there exists a strictly PI system X and a 
proximal homomorphism 9 : X — > X. 

If in the definition of Pi-systems we replace proximal extensions by almost one- 
to-one extensions we get the notion of HPI systems. If we replace the proximal 
extensions by trivial extensions (i.e. we do not allow proximal extensions at all) we 
have I systems. These notions can be easily relativized and we then speak about I, 
HPI, and PI extensions. 

We have the following structure theorem for minimal systems, for details see 
[51 131 El [321 [33] etc.. 

Theorem 7.9 (Structure theorem for minimal systems). Given a homomorphism 
ii : X — > Y of minimal dynamical system, there exists an ordinal 1] ( countable when 
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X is metrizable) and a canonically defined commutative diagram (the canonical PI- 
Tower) 




X\ X v 




V+l 



Y. 



u+1 



Xfj ^"oo 



Y = Y 

1 n 1 rv 



where for each v < rj, tt u is RIC, p v is isometric, 9 V , Q* v are proximal and is RIC 
and weakly mixing of all orders. For a limit ordinal v, X u , Y u , tc u etc. are the inverse 
limits (or joins) of X L ,Y L ,7r L etc. for i < v. 

Thus if Y is trivial, then X^ is a proximal extension of X and a RIC weakly 
mixing extension of the strictly Pi-system Y^ . The homomorphism tt^ is an iso- 
morphism ( so that Xoo = Yqo) if and only if X is a Pi-system. 

Reall an extension it : X — > Y of minimal systems relatively incontractible (RIC) 
extension if it is open and for every n > 1 the minimal points are dense in the 
relation 



{(xi, . . . , x n ) e X n : n(xi) = 7r(xj), Vl<i<j<n}. 



7.4. Disjointness for M. P i. In this subsection we discuss disjointness for Ai P i which 
is the collection of all minimal Pi-systems. It is known [14] that Mjr q H M. = M. wm 
which implies that M.^ fl M. = Ai wm (see Theorem I7.10p . In this subsection we 
will show that each weakly mixing t.d.s. with dense minimal points is disjoint from 
all minimal Pi-systems. We remark that a weakly mixing t.d.s. (even scattering) is 
disjoint from all HPI minimal t.d.s. (using Propositions 17.51 and 17.81) . 



Theorem 7.10. Each weakly mixing t.d.s. 
from all minimal Pi-systems. 



with dense minimal points is disjoint 



Proof. Since a PI system is constructed by equicontinuous and proximal extensions, 
the result follows from Propositions I7.5[ 17.71 and 17.81 and the well known facts: 

• a weakly mixing t.d.s., is weakly disjoint from all minimal t.d.s. [9], (since a 
weakly mixing t.d.s. is scattering). 

• the product of two systems with dense sets of minimal points still have a 
dense set of minimal points (Theorem 16. 4p . 

• a weakly mixing t.d.s. is disjoint from all minimal equicontinuous t.d.s. |14j . 

□ 

Remark 7.11. Note that a weakly mixing system with dense minimal points is not 
necessarily disjoint from all minimal systems. Let (X, T) be a minimal weakly mixing 
t.d.s. and (Y, S) = (X x X,T xT). Then (Y, 5") is weakly mixing and has a dense set 
of minimal points. We claim that (Y, S) / (X, T). In fact J = {(x, y, x) : x, y G X} 
is a joining and it is clear that J / I x I x I. 

Remark 7.12. By the structure theorem of a minimal t.d.s. and the result in |25j 
to obtain the necessary and sufficient condition for disjointness from all minimal 
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t.d.s. (for a transitive t.d.s.) is equivalent to find such a condition (implying weakly 
mixing, dense minimal points and something more) such that if X satisfies the 
condition, and X is disjoint from a minimal t.d.s. Y', then X is disjoint from all 
minimal t.d.s. Y satisfying that ir : Y — > Y' is a weakly mixing extension. 

We think that the following question has an affirmative answer. 

Question 7.13. Assume {X,T) is transitive and {X,T) G Ati. Is it true that 
{X,T) is a weakly mixing E -system? 

The difficulty to answer the question is that we do not know if each subset of 
Z + having lower Banach density 1 and containing contains a subset A such that 
the orbit closure of 1a is a minimal PI system (there is such a set which does not 
contain any subset A such that the orbit closure of 1^ is a minimal HPI system, 
since otherwise we have that scattering implies weak mixing). 

7.5. Disjointness and weak disjointness for Ai. In (25] it was shown that a 
weakly mixing system with a dense set of regular minimal points is disjoint from 
any minimal t.d.s.. Now we improve the result by showing that each weakly mixing 
system with a dense set of distal points is disjoint from all minimal systems. We 
give two proofs, where the first one is provided by W. Huang and the second one 
relies on the structure theorem for minimal systems. After that we will give another 
result on disjointness: each .^-independent t.d.s. is disjoint from any minimal t.d.s. 
First we will prove 

Theorem 7.14. Each weakly mixing system with a dense set of distal points is 
disjoint from all minimal systems. 

To prove it we need the following Lemma 17.151 concerning proximal cell (see [U 
|24"]). Note that for a t.d.s. (X, T) and x G X, P[x] denotes the proximal cell, i.e. 
P[x] = {y G X : y is proximal to x} = {y G X : (x, y) G P(X, T)}. 

Lemma 7.15. Let (X, T) be a weakly mixing t.d.s. Then for each x G X , P[x] is a 
dense G$ subset of X. 



Proof of Theorem 7. 14 Let (X, T) be a weakly mixing system with a dense set of 
distal points and {x s }'^ =1 be a dense set of distal points. By Lemma [7.151 there is 
x G D^Li -P[ x s]- Let (Y, S) be a minimal t.d.s. and J C X x Y be a joining. Then 
there is y G Y such that (x,y) G J. For each x s , (x,x s ) is proximal, thus for each 
e > 0, 

{n G Z + : d{T n x,T n x s ) < e/2} 
is thick. Since x s is a distal point, (x s ,y) is minimal and hence 
{n G Z + : d(T n x s , x s ) < e/2, d(T n y, y) < e} 
is syndetic. Thus, for a given e > there exists neN such that 

d(T n x,T n x s ) < e/2, d(T n x Sl x s ) < e/2, and d(T n y,y) < e. 

That is, d(T n x,x s ) < e and d(T n y,y) < e. This implies that (x s ,y) G W =: 
orb((x,y),T x S), and thus X x {y} c W C J. It follows that J = X x Y since 
(Y,S) is minimal. Hence (X, T) is disjoint from (Y,S). □ 
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Now we give the second proof. Since by Theorem 17.101 each weakly mixing system 
with a dense set of distal points is disjoint from any PI minimal system, by the 
structure theorem for minimal systems (Theorem 17. 9j) we need to deal with weakly 
mixing RIC extensions. 

Lemma 7.16. Let n : Y' — > Y be a weakly mixing RIC extension of minimal 
systems. Then there is a dense G$ subset Y C Y such that for each y G Y and each 
x G 7r _1 (y) ; Py/[x] is dense in the fibre n~ 1 (y). 

Proof. See Appendix. □ 

The following proposition concerns the "lifting" of disjointness by weakly mixing 
RIC extensions. Note that each t.d.s. (X, T) has a natural extension (X',T') such 
that T' is a homeomorphism. We may assume that all t.d.s. are invertible when 
considering disjointness, see [25j Proposition 1.1]. 

Proposition 7.17. Let (X,T) be a t.d.s. with a dense set of distal points and let 
7T : (Y'j S') — > (Y, S) be a weakly mixing RIC extension of minimal systems. Then 

117' if and only if 117. 

Proof. It suffices to show if X _L Y then J17'. Let J C X x Y' be a joining of X 
and Y' . Let x be a distal point of X and y G Yq, where Yq is defined in Lemma [7. 161 
We remark that Yq is residual in Y. Since X _L Y, id x n(J) = X x Y. Thus there is 
some y G Y' such that (x,y ) G J and n(y ) = y. Let y' G Py'lvo] H 7T _1 (y). Then 
(x , yo) , (x , y') are proximal. Since a; is distal, (x,y') is minimal. And this implies 

that 

(x,y')eorb((x,y ),TxS')cJ. 
By Lemma 17. 16[ such y' is dense in 7r _1 (?/). Thus {x} x n^ 1 (y) C J. Since y G Y"o 
is arbitrary and Yo is residual, we have {x} x Y' C J. Finally, by the density of 
distal points in X, we have J = X x Y' . □ 

Now Theorem 17.141 follows from the structure theorem (Theorem 17.91) . Theorem 
17.101 and Proposition 17.171 

To prove another disjointness result we need some notions and results from [22] . 

Definition 7.18. Let (X, T) be a t.d.s.. For a tuple A = (Hi, . . . , Ak) of subsets of 
X, we say that a subset F C Z + is an independence set for A if for any nonempty 
finite subset J C F, we have 

n T ~ jA °u) * 

for any s G {1, . . . , k} J . Denote the collection of all independence sets for A by 
Ind(Ai, . . ., A k ) or IndA. 

Definition 7.19. Let J 7 be a family, k G N and (X, T) be a t.d.s.. A tuple 
(x±, . . . , Xfc) G X fc is called an J 7 -independent tuple if for any neighborhoods Ui, . . . , Uf. 
of xi, . . . , Xk respectively, one has Ind(£/i, . . . , Uk) H J 7 ^ 0. 

A t.d.s. (X, T) is said to be JF ' -independent of order k, if for each tuple of nonempty 
open subsets Ui, . . . , Uk of X, Ind([/i, . . . , Uk) fl J 7 7^ 0, and (X, T) is said to be T- 
independent, if it is J 7 -independent of order for each k G N. 
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It is proved in [22] that an ^-independent t.d.s. is weakly mixing, has positive 
entropy and has a dense set of minimal points. Moreover, the following lemma is 
proved. 

Lemma 7.20. For every minimal subshift X C S 2; lnd([0]x, [l]x) does not contain 
any syndetic set. 

An easy consequence of Lemma [7.201 is that there is no non-trivial minimal t.d.s. 
which is ^-independent . Now we are ready to show 

Theorem 7.21. Each T s -independent of order 2 t.d.s. is disjoint from all minimal 
systems. 

Proof. Since it is an open question if an ^-independent pair can be lifted by ex- 
tensions, the proof of [5] can not be applied here directly. We will use ideas of the 
proof in [8] and Lemma 17.201 

Let (X, T) be an ^-independent t.d.s. and (Y, S) be minimal. Assume the 
contrary that X JL Y. Then there is a joining J ^ X x Y. We may assume 
that J is minimal, i.e. if J' is a joining and J' C J then J' = J. For x G X 
let J[x] — {y G Y : (x,y) G J}. We claim that there exists x G X such that 
J[x] n J[Tx] = 0. 

Now suppose that J[x] n J[Tx] ^ for all x G X. Let 

J' = \J{x} x (J[x] n J[Tx}). 

xex 

It is easy to check that J' C J is a joining, and hence by minimality J' = J. 
This implies that J = X x Y~, a contradiction. So there exists x G X such that 
J[x] n J[Tx] = 0. 

There exist disjoint closed neighborhoods W and W± of x and Tx such that 
J[Wq] PI J[Wi] = 0, since J is closed and J[x] fl J[Tx] = 0. So there is an syndetic 
subset S G Ind(W / o, W\). Let Tlx '■ J — > X and ny : J — >■ Y be the projections. It is 
clear that 5 G Ind^^Wo), ^(Wi)) and 5 G lnd{7i Y 7r x 1 (W ),iTY7r x 1 (W 1 )). Since 
J[W ] n J[Wi] = we know that ixyix^ (Wo) H TTyTr^^Wi) = 0. Let V and Vi be 
disjoint closed neighborhoods of ttytt x (Wo) an d 7ry7r^ 1 (Wi) respectively. It is clear 
that 5 G Ind(K), Vi). 

It is well known that we can find a minimal t.d.s. (Xi,Ti) and a factor map 
7r : (Xi,Ti) —> (Y, S) such that X\ is a closed subset of a Cantor set. It is easy 
to see that Ind(Vo, Vi) = Ind(7r _1 (Vo), vr _1 (Vi)). Write X\ as the disjoint union of 
clopen subsets U and U\ such that Uj D 7r _1 (V^) for j = 0, 1. Then Ind(Vo, V\) C 

iiKKr,,./,). 

Define a coding : X x — )■ S 2 such that for each x G Xi, 0( ), where 

Xi = j if T{(x) G Uj for all z G Z + . Then Z = <j)(X\) is a minimal subshift contained 
in £2 and : X\ — )■ Z is a factor map. It is easy to verify that Ind(C/o, Z/i) C 

lnd([0] z ,[l]z). ' 

By Lemma [7.201 we know that lnd([0]^, [1]^) does not contain any syndetic set. 
This contradicts the fact that S G lnd([0]z, [l]z)- So X and Y are disjoint. □ 
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We remark that the assumption of ^-independence can not be weaken signifi- 
cantly, since there exists an J-^-independent t.d.s. with only one minimal point 
[22] . So combining the result in [25] we have 

Proposition 7.22. The following statements hold: 

(1) Each weakly mixing system with a dense set of distal points is disjoint from 
all minimal systems; and each T s -independent t.d.s. is disjoint from all 
minimal systems. 

(2) If (X,T) is transitive and is disjoint from any minimal t.d.s. then {X,T) is 
weakly mixing and has a dense set of minimal points. 

Recall that a t.d.s. is scattering if it is weakly disjoint from Ai. In |9j the following 
proposition was proved. Recall that a cover is non-trivial if each element of the cover 
is not dense in X, and for a cover U, N(U) = min{|V| : V is a subcover of U}. 

Proposition 7.23. A t.d.s. is scattering if and only if for any non-trivial open 
cover U, N^^T^U) oo. 

7.6. Disjointness and weak disjointness for M. eq . Recall that a t.d.s. is weakly 
scattering if it is weakly disjoint from Ai eq - The following proposition is known, see 
for example (3]. 

Proposition 7.24. A transitive t.d.s. is disjoint from M. e q if and only if it is weakly 
scattering. 

Let (X, T) and (Y, S) be two transitive t.d.s.. If there exists a continuous map 
cf) : Tranx(X) — » Tran$(Y) with <fi(Tx) = S<j)(x) for x G Tranx(X), then we say <f) 
is a generic homomorphism from (X,T) to (Y, S), (Y, S) is a generic factor (X,T) 
and (X, T) is a generic extension of (Y,S). It is not hard to see that if (X, T) is 
minimal and : (X, T) — > (Y, S) is a generic homomorphism then is a factor map. 

In [28] the authors considered weakly scattering t.d.s.. The following proposition 
was a result in [2H] combing with a simple observation. 

Proposition 7.25. The following hold. 

(1) A transitive t.d.s. is weakly scattering if and only if it has no non-trivial 
generic equicontinuous factors. 

(2) A minimal t.d.s. is disjoint from Ai e q if and only if it is weakly mixing. 

Proof. (1) was proved in [28]. To show (2) note that if a minimal t.d.s. is disjoint 
from Ai eq then the maximal equicontinuous factor of (X, T) is trivial, which implies 
that (X, T) is weakly mixing. There are several ways to show a weakly mixing t.d.s. 
is disjoint from M. eq , say, for example [HI El]. □ 

It is clear scattering implies weak scattering. To end the subsection we recall an 
open question: 

Question 7.26. Does weak scattering implies scattering? 
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7.7. Disjointness for Afo- The following proposition was proved in [23] . 

Proposition 7.27. The following statements hold: 

(1) If a transitive (X, T) _L Afo then it is weakly mixing and is an E -system. 

(2) If (X,T) is a transitive diagonal t.d.s. then (A, T) _L M.q. 

(3) If(X,T) is minimal and (X,T) _L Alo then (A, T) has c.p.e.; and if (X,T) 
is minimal and diagonal, then (X,T) _L Afo- 

7.8. Disjointness for M wm - Since Al;[ PI M = M^ q H M = M wm [H], it implies 
that Af^ m D Aid. The following proposition is known. 

Proposition 7.28. [7J ^4 minimal t.d.s. is in Al^ m if and only if every non-trivial 
quasi-f actor of X has a non-trivial distal factor. 

Recall that a quasi-f actor of X is a minimal subset of (2 X , T), where 2 X is the 
collection of all non-empty closed subsets of X equipped with the Hausdorff metric. 

Definition 7.29. A minimal point x is a quasi-distal point if (x,y) is minimal for 
every minimal y who's orbit closure is weakly mixing. 

It is clear that a distal point is quasi-distal. Moreover, if (X, T) is minimal and 
(X, T) G M.wm then each point of X is quasi-distal, since two minimal t.d.s. are 
disjoint then the product is minimal. By [Hi Theorem 2.2], there exists a quasi- 
distal point which is not distal. Since any almost one-to-one extension of a minimal 
equicontinuous systems is in Al^ m (say the Denjoy minimal t.d.s.), it follows that 
there is a quasi-distal point which is not weakly product recurrent. It is not clear 
if a minimal weakly product recurrent point is quasi-distal. We have the following 
theorem. 

Theorem 7.30. Let {X,T) be a weakly mixing t.d.s. with dense quasi- distal points, 
then{X,T)EMi m . 

Proof. Apply the proof of Theorem 17.141 □ 

It is well known that a t.d.s. (X, T) is weakly mixing if and only if N(U,V) is 
thick [14] . Weiss [31] showed that if F C Z + is a thick set then there is a weakly 
mixing t.d.s. (X,T) C ({0, l} z +,a) such that N([l], [1]) C F. Huang and Ye [26] 
showed that if (X, T) is minimal then (X, T) is weakly mixing if and only if N(U, V) 
has lower Banach density 1. By Remark 14.81 we have 

Lemma 7.31. Let F C Z + be thickly syndetic. Then there are a minimal weakly 
mixing (X,T) C ({0, l} z+ ,a) and x G X such that N(x, [1]) C F. 

So in the transitive case we have the following corollary: 

Proposition 7.32. If a transitive (X,T) is disjoint from all minimal weakly mixing 
t.d.s. then it is an M -system. 

Since a minimal equicontinuous systems is in Af^ m , (A, T) G Al^ m does not 
imply that it is weak mixing. 

The following question remains open: 
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Question 7.33. Is it true that a transitive t.d.s. (X, T) is disjoint from any minimal 
t.d.s. if and only if (X, T) is weakly mixing and has a dense set of quasi distal points? 

8. Tables 
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9. More discussions 

9.1. (J 7 !, J-2)-product recurrence. In this subsection we discuss some generaliza- 
tions of the notions concerning product recurrence. 

Definition 9.1. Let T\, J-~2 be families and (X, T) be a t.d.s. A point x G X is 
called (T\, T<i) ^-product recurrent if (x,y) is JVrecurrent for any ^-recurrent point 
y in some t.d.s (Y, S). 
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By the definition it is obvious that ^-product recurrence is nothing but (J 7 , Fi n f)- 
product recurrence. As we have seen in this paper, for a family the property J 7 - PR 
may be very complex. Hence it is more difficult to discuss the general case (Fi, F2)- 
PR. But if we assume F\ = F% y then we can use the results from [12]. To see this, 
let us recall some notions first. 

Now we consider the Stone — Cech compactification of the semigroup Z + with the 
discrete topology. The set of all ultrafilters on Z + is denoted by (3Z + . Let A C Z + 
and define A = {p E [3Z + : A E p}. The set {A : A C Z + } forms a basis for the 
open sets (and also a basis for closed sets) of (3Z + . Under this topology, (3Z + is the 
Stone — Cech compactification of Z + . See p~j El [12] etc. for details. 

For F C Z + the hull of F is h(F) = F = {pE (3Z + : F Ep}. For a family F, the 
hull of F is defined by 

h(F) = p| h(F) = p| F = {p E f3Z + : F C p} C /3Z+. 

Let X be a compact metric space and 5 a semigroup. Let $ : 5 x A — > A be an 
action, i.e. for any p, q E S, $ p o $ 9 = For (p, x) E S x X, denote 

px = x) = = $a;(p). 

: S* — >■ X x is defined by p 1— )■ $ p . Hence = $*(p)(x). An M/zs semigroup S 
is a compact Hausdorff semigroup such that the right translation map Rp '. S — y S , 
g 1 — )• is continuous for every p E S. An M/zs action of an Ellis semigroup S on 
a space A is a map $ : 5* x X — > X which is an action such that the adjoint map 
is continuous, or equivalently, Q x is continuous for each x E X. 
Now let (A, T) be a t.d.s. Then $ : Z + xl->l, (n, x) H- T"x is an action and it 
can be extended to an Ellis action $ : /3Z + x A — > X. Hence we have a continuous 
map $ # : (3Z + A x . 
Define 

tf(J-) = i?(A, JT) = $*(h(F)) C A x . 
It is easy to see that for a family F, H(F) 7^ if and only if F has finite intersection 
property. Moreover, let (A, T) be a t.d.s and F be a filter. Then H(F) = f] T F C 

A x , where T F = U{^ n |™ e 

Now we generalize the notion of cu-limit set. Let (A, T) be a t.d.s and J 7 be a 
family. Define 

ur(x,T)= P| T^xj. 

It is easy to show that if J 7 is a filter, then ujr*(x,T) = H(F)x. By the definition 
one has that a point x E X is J-'-recurrent if and only if x G wjr(x, T). 

Now let J 7 be a filterdual (i.e. its dual is a filter). Then a point x is (F,F)- 
product recurrent if and only if (x,y) E ujr((x,y),T x S) for any y in some t.d.s. 
(Y, S) satisfying y E us^iy, S). That is, x is if(J 7 *)-product recurrent defined in [B]. 
Thus we can use the results in [BJ [12] to study (J 7 , J-")-PR points. 
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9.2. Questions. Here are some more questions. First we restate the following ques- 
tion in [2D] . 

Question 9.2. Is each weakly product minimal point distal? 

We conjecture that the above question has a negative answer. The next question 
concerns disjointness. 

Question 9.3. Let (Xi, T{), (X 2 , T 2 ) be t.d.s., and (Y, S) be a minimal t.d.s.. If 
(XijTx) _L (Y, S) and (X 2 ,T 2 ) _L (Y, S), then is it true that 

(X 1 xX 2 ,T 1 xT 2 )±{Y,S)7 
Or for a class T of minimal systems, is finite product closed in T ? 

10. Appendix: Relative proximal cells 

In this appendix we study the relative proximal cell for an independent interest, 
and on the way to do this, we give a proof of Lemma 17.161 Here we will use some 
results from the theory of minimal flows. This theory was mainly developed for group 
actions and accordingly we assume that T is a homeomorphism in this appendix. 
Much of this work can be done for a general locally compact group actions. We refer 
the reader to pS 13 [321 133] for details. 

10.1. RIM extension. Let X be a compact metric space and let M(X) be the 
collection of regular Borel probability measures on X provided with the weak star 
topology. Then M(X) is a compact metric space in which X is embedded by the 
mapping x h- > 5 X , where 8 X is the dirac measure at x. If <fi : X — > Y is a continuous 
map between compact metric spaces, then induces a continuous map 0* : M(X) — > 
M(Y) which extends 0, where = /i(0 _1 A) for all Borel sets A C Y. 

Let (X,T) be a t.d.s.. For each \i G M(X), define (T/i)(A) = ^{T~ l A) for all 
Borel sets A C X. Then (M(X),T) is a t.d.s. too. And if vr : X -> Y is an 
extension of t.d.s., then tc* : M(X) — > M(Y) is also an extension. 

An extension tc : X — > Y of t.d.s. is said to have a relatively invariant measure 
(RIM for short) if there exists a continuous homomorphism A : Y — > M(X) of 
t.d.s. such that ir* o A : Y — > M(Y) is just the (dirac) embedding. In other words: 
7T is a RIM extension if and only if for every y 6 Y there is a \ y G M(X) with 
suppA^ C n~ l (y) and the map y M- X y : Y — > M(X) is a homomorphism of t.d.s; 
this map A is called a section for ir. Note that it : X — > {*} has a RIM if and only 
if X has an invariant measure if and only if MiX) has a fixed point, where {*} 
stands for the trivial system. An extension 7r : X — > Y is called strongly proximal 
if for every pair /z G M(X) and y G Y with supp/i C 7r _1 (?/), a sequence {nj} can 
be found such that lim T ni n is a point mass. It is easy to see that each strongly 
proximal extension is proximal. 

Every extension of minimal systems can be lifted to a RIM extension by strongly 
proximal modifications. To be precise, for every extension 7r : X — > Y of minimal 
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systems there exists a canonically defined commutative diagram of extensions (called 
the G-diagram [16J) 

with the following properties: 

(a) a and r are strongly proximal; 

(b) 7r* is a RIM extension; 

(c) X# is the unique minimal set in R nT = {(x,y) G X x F# : 7r(x) = r(y)} 
and cr and 7r* are the restrictions to X# of the projections of X x F# onto 
X and respectively. 

By a small modification we can assume that 7r# is an open RIM extension. We 
refer to [HJ E3] for the details of the construction. 

10.2. Relative regionally proximal relation. Let 7r : (X, T) — > (Y,T) be t.d.s.. 
For e > let A e = {(x,y) G X x X : d(x,y) < e}. Then the relative proximal 
relation is 

oo 

p -= n (u rAi /n) n ^- 

n=l ieZ 

and the relative regionally proximal relation is 

oo 

Qn=f] {{jT*A 1/n )nR n . 

n=l ieZ 

For R C X x X and x G X, define P[x] = {x' G X : (x, x') G P}. Define 

oo 

U M = D (U T * A v«)M n7r- 1 (7r(x)). 

n=l ieZ 

In other words: x' G [/^[x] if and only if there are sequences {x^} in 7r -1 (7r(x)) and 
{ni} in Z such that 

x- -> x' and (T x T) n *(x, x-) (x, x). 
It is clear that P^fx] C U n [x] C QtJx]. Define 

U n = {(x,x') G -Rtt : x' G ^[x]}. 
The following is an open question [32J: 

Question 10.1. If n : X Y is an open Bronstein extension (i.e. R^ has a dense 
set of minimal points), does U n [x] = Qtt[x] for all x G X? 

One does not have an answer for this question, but one has the following result. 

Proposition 10.2. [301 Theorem 1.5] Let tt : X — > Y be a RIM extension of minimal 
systems with section X, and let y G Y be such that suppA^ = 7r _1 (y). Then for all 
x G 7r _1 (?/) we have U n [x] = Q n [x\. 
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The following lemma guarantees that there are lots of such y in Proposition 110.21 

Lemma 10.3. [161 Lemma 3.3] Let tt : X — >■ Y be a RIM extension of minimal 
systems with section A. Then there is a residual set Y C Y such that y EY implies 
suppA^ = z~ x (y). 

10.3. Relative proximal cell. Let (X, T) be a weakly mixing t.d.s.. Then for each 
x G X, the proximal cell P[x] is a dense G$ subset of X [U[23] (under the minimality 
assumption this result was obtained in [15]). Now we consider the relative case. Let 
7r : X — > Y be an extension of t.d.s. and x G X. Call P n [x] the relative proximal 
cell of x. 

Question 10.4. If n : X — )■ Y is an open weakly mixing extension of minimal 
systems, does the relative proximal cell P n [x] is a residual subset of 7r _1 (7r(x)) for 
allx ex? 

We do not have full answer for this question. But we have the following results. 

Theorem 10.5. Let it : X —>Y be a weakly mixing and RIM extension of minimal 
systems. Then there is a residual set Y C Y such that for all y G Y and all 
x G ir^ 1 (y) we have that P^x] is residual in ir~ 1 (y). 

Proof. By Proposition 110.21 and Lemma 110.31 there is a residual set Y C Y such 
that for all y G Y and all x G n~ l (y) we have U n [x] = Q n [x]. Fix such y and x. 
Now 7r is weakly mixing, hence Q n = R n . Thus U n [x] = Q n [x] = R n [x] = n^iy). 

Since U v [x\ = fXLi ( Uiez Ti ^/n) N n ^{y), we have 

( |J r*A 1/n ) [x] n tt- 1 ^) = ^(y), g n. 

Hence 

oo 

^N=n(U rA vn)wn^ 1 ^) 

n=l ieZ 

is a residual subset of n~ l (y). □ 

Applying the above theorem we have 

Theorem 10.6. Let tc : X — > F &e an extension of minimal systems. If it is weakly 
mixing and Bronstein (i.e. R n has a dense set of minimal points), then there is a 
residual set Yq C Y such that for all y G Y and all x G 7T^ 1 (y) we have P n [x] is 
residual in 7r~ 1 (?/). 

Proof. To apply Theorem 110.51 we consider the following G-diagram: 

X^X* 

First we claim that (a x a)R n # = R n . By the commutativity of the diagram, we 
have (cr x a)R w # C R n . Now we show the converse. Since the minimal points 
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of P„ is dense in R n it is sufficient to show that every minimal point of R n is an 
element of (er x a)R n #. Let (x±, x 2 ) G R v be minimal, then there is a minimal point 
(x[,x' 2 ) G X* x X # such that (a x cr)^, x 2 ) = (xi,x 2 ). Hence (7r # (x / 1 ), 7r # (x' 2 )) is 
a minimal point of V* x Y"#. But r(7r*(x' 1 )) = t{'k^{x' 2 )) and r is proximal, and 
hence we have 7r#(a^), 7r#(x 2 ) are proximal. To conclude we have 7r*(a^) = 7r*(x 2 ), 
i.e. {x' x ,x' 2 ) G P^*. 

Since 7r is weakly mixing, it can be shown that 7r* is also weakly mixing (for 
example, see [331 VI(3.19)]). Now 7r* is weakly mixing and RIM, by Theorem 110.51 
there is a residual set C V# such that for all y# G Y^ an d an x * ^ 7r ~ 1 (?/*) we 
have P„.#[a;#] is residual in (7r*) _1 (y*). Let Y~o = r(Y~ *). Since Y~* is minimal and 
hence r is semi-open, Y" is also a residual subset of Y. Let y G Yq an d y # G F * 
with r(y # ) = y. Let x G 7r _1 (?/). Since (a x a)R n # = R^, we have cr((7r # ) _1 (?/*)) = 
7r _1 (y). There is some x # G (tt # ) _1 (?/ # ) such that <r(x # ) = x. Since P n #[x*} is 
dense in (7r # ) _1 (?/ # ), P^fx] is dense in 7r _1 (y). But P n [x) always is a G$ subset of 
7r _1 (y), and hence it is residual in ir~ 1 (y). The proof is completed. □ 

Lemma 17.161 is now followed from Theorem 110.61 since each RIC extension is 
Bronstein. 
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